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Some examples

Courtesy by Solà, J., Dery, J., and Atchuthan, D. (2021). A micro Lie theroy for state
estimation in robotics.
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S1: The unit complex numbers

A quick overview of know facts
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SO(2): The 2D rotation matrices

A quick overview of know facts
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SO(2): The 2D rotation matrices

A quick overview of know facts

I

1×

SO(2)

RTR = I
|R| = 1

R

θ

x
y=R·x

θ

Action: y “ R ¨ x

vectors

operator: Lie group!

rotates x

Constraint: RT ¨ R “ I

Topology: “circle” SO(2)

Elements: R “ I cos θ ` 1ˆ sin θ

Inverse: RT

Composition: R1 ¨ R2

1ˆ “

„

0 ´1
1 0

ȷ

, R “

„

cos θ ´ sin θ
sin θ cos θ

ȷ
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SO(2): The 2D rotation matrices

operator: Lie group!

I

1×

SO(2)

RTR = I
|R| = 1

R

θ

vectors: other set!

x
y=R·x

θ
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S3: The unit quaternions

The 3-sphere in R4

operator: Lie group!

i

j

k

S3

|q| = 1

q

q “ cospθ{2q ` u sinpθ{2q

vectors: other set!

y=q·x·q∗

θ

u

x

u “ iux ` juy ` kuz
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Typical uses

Pose of a robot in the plane: SE(2)

X ptq “

„

Rptq pptq
0 1

ȷ

X is the transformation
from body frame to
world frame

R “ Rwb

p “ pwb

x

y

wo

y

x

bo

t “ 0
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t “ 178
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Why Lie groups?

Abstract and principled way to do all this:

Lie transformation objects

act on other

invert

compose

interpolate

integrate

differenciate

uncertainty

estimation planning control learning?
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Outline

1 Presentation: Some examples

2 Overview of Lie theory
Lie group definition: Group, manifold, and action
The tangent space: Lie algebra and Cartesian

3 Operators in the Lie theory
The exponential and logarithmic map
Plus and minus operators
The adjoint matrix

4 Calculus and probability on Lie Groups
Calculus and Jacobians
Differentiation rules on Lie groups
Perturbations on Lie groups and covariance matrices
Integration on Lie groups

5 Applications: Localization

6 Conclusions and problems
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Group

Definition through the four group axioms

Group: set G of elements tX ,Y,Z, . . .u with an operation ‘˝’ such that:

Composition stays in the group: X ˝ Y P G
Identity element is in the group: X ˝ E “ E ˝ X “ X
Inverse element is in the group: X´1

˝ X “ X ˝ X´1
“ E

Operation is associative: pX ˝ Yq ˝ Z “ X ˝ pY ˝ Zq

In many groups of interest, the operation ‘˝’ is non-commutative!
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The Lie group

Definition: A group that is also a smooth manifold

Smooth manifold Non-smooth manifold

The other definition: A Lie group is a smooth manifold whose elements satisfy
the group axioms.
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Group action

Definition

A group can act on another set V to transform its elements

Given X ,Y in G and v in V , the action ‘¨’ is such that:

Identity is the null action: E ¨ v “ v
It is compatible with composition: pX ˝ Yq ¨ v “ X ¨ pY ¨ vq

Lie groups were formely known as “continuous transformation groups”.
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The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 199 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 200 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 201 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 202 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 203 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 204 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 205 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 206 / 251



The topology of Lie theory

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 207 / 251



The tangent space and the Lie algebra

The tangent space at each point is
unique

The tangent space is a vector space:
we can do calculus!

The dimension of the tangent space
is the number of degrees of freedom
of the manifold

The tangent space at the identity is
called the “Lie Algebra”
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The tangent space of S1

Structure of the tangent space:
Consider the velocity of a point rotating on the unit circle.

1

i

z(t)

ż = dz/dt

iω

Differentiate z˚ ¨ z “ 1 w.r.t. time:

9z˚z ` z˚ 9z “ 0

ñ z˚ 9z “ ´pz˚ 9zq˚

ñ z˚ 9z “ iω P iR

Lie Algebra s1: ω^ “ i ¨ ω in R
Cartesian: ω in R
Isomorphism: s1 » R

Hat: ω^
“ i ¨ ω

Vee: ω “ ´i ¨ ω_
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The tangent space of SO(3)

Structure of the tangent space:
Consider the velocity of a point rotating on the 3-sphere.

I

R(t)

Ṙ = dR/dt

ω×

Differentiate RT ¨ R “ I w.r.t. time:

9RTR ` RT 9R “ 0

ñ RT 9R “ ´pRT 9RqT

ñ RT 9R “

»

–

0 ´ωz ωy

ωz 0 ´ωx

´ωy ωx 0

fi

fl P sop3q

Lie Algebra when R “ I:

9R “ ωˆ “

»

–

0 ´ωz ωy

ωz 0 ´ωx

´ωy ωx 0

fi

fl P sop3q
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Ṙ = dR/dt

ω×

Differentiate RT ¨ R “ I w.r.t. time:

9RTR ` RT 9R “ 0

ñ RT 9R “ ´pRT 9RqT

ñ RT 9R “

»

–

0 ´ωz ωy

ωz 0 ´ωx

´ωy ωx 0

fi

fl P sop3q

Lie Algebra when R “ I:

9R “ ωˆ “

»

–

0 ´ωz ωy

ωz 0 ´ωx

´ωy ωx 0

fi

fl P sop3q

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 210 / 251



The tangent space of SO(3)

Structure of the tangent space:
Consider the velocity of a point rotating on the 3-sphere.

I

R(t)
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The tangent space of SO(3)

Lie algebra v.s Cartesian representation

I

R(t)

Ṙ = dR/dt

ω×

Lie Algebra sop3q:

ωˆ “

»

–

0 ´ωz ωy

ωz 0 ´ωx

´ωy ωx 0

fi

fl P sop3q

“ ωx

»

–

0 0 0
0 0 ´1
0 1 0

fi

fl ` ωy

»

–

0 0 1
0 0 0

´1 0 0

fi

fl ` ωz

»

–

0 ´1 0
1 0 0
0 0 0

fi

fl

Cartesian R3:

ω “
“

ωx ωy ωz

‰T
P R3

“ ωx

“

1 0 0
‰T

` ωy

“

0 1 0
‰T

` ωz

“

0 0 1
‰T

Isomorphism: sop3q » R3

Hat: ω^
“ ωˆ

Vee: ω “ ω_
ˆ
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Ṙ = dR/dt

ω×

Lie Algebra sop3q:

ωˆ “

»

–

0 ´ωz ωy

ωz 0 ´ωx

´ωy ωx 0

fi

fl P sop3q

“ ωx

»

–

0 0 0
0 0 ´1
0 1 0

fi

fl ` ωy

»

–

0 0 1
0 0 0

´1 0 0

fi

fl ` ωz

»

–

0 ´1 0
1 0 0
0 0 0

fi

fl

Cartesian R3:

ω “
“

ωx ωy ωz

‰T
P R3

“ ωx

“

1 0 0
‰T

` ωy

“

0 1 0
‰T

` ωz

“

0 0 1
‰T

Isomorphism: sop3q » R3

Hat: ω^
“ ωˆ

Vee: ω “ ω_
ˆ

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 211 / 251



Outline

1 Presentation: Some examples

2 Overview of Lie theory
Lie group definition: Group, manifold, and action
The tangent space: Lie algebra and Cartesian

3 Operators in the Lie theory
The exponential and logarithmic map
Plus and minus operators
The adjoint matrix

4 Calculus and probability on Lie Groups
Calculus and Jacobians
Differentiation rules on Lie groups
Perturbations on Lie groups and covariance matrices
Integration on Lie groups

5 Applications: Localization

6 Conclusions and problems

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 212 / 251



The exponential and logarithmic map

exp: From tangent to manifold

wrap on the geodesic

log: From manifold to tangent

unwrap
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The exponential and logarithmic map

Example: S1

1

i

s1

S1

z(t)

ż = dz/dt

θ(t) = ωt

Write ODE and integrate

z˚ 9z “ iω ñ 9z “ ziω

zptq “ z0 exppiωtq

ñ 9z “ z0 exppiωtqiω “ ziω

If z0 “ zp0q “ 1 and iωt “ iθ

zptq “ exppiωtq “ exppiθq

Taylor expansion of exppiθq:

exppiθq“ 1 ` iθ ` piθq2{2 ` piθq3{3! ` ¨ ¨ ¨

“ 1 ` iθ ´ θ2{2 ´ iθ3{3! ` θ4{4! ¨ ¨ ¨

“ p1 ´ θ2{2 ` ¨ ¨ ¨ q ` ipθ ´ θ3{3! ` ¨ ¨ ¨ q

“ cos θ ` i sin θ
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The exponential and logarithmic map

Example: SO(2)

I

1×

so(2)

SO(2)

R(t)

Ṙ = dR/dt

θ×(t) = ω×t

Write ODE and integrate

RT 9R “ ωˆ ñ 9R “ R ¨ ωˆ

Rptq “ R0 exppωˆtq

ñ 9R “ R0 exppωˆtq ¨ ωˆ “ R ¨ ωˆ

If R0 “ Rp0q “ I and ωˆt “ θˆ

Rptq “ exppωˆtq “ exppθˆq

Taylor expansion of exppθˆq:

exppθˆq “ I ` θˆ ` pθˆq2{2 ` pθˆq3{3! ` ¨ ¨ ¨

“ Ip1 ´ θ2{2 ` ¨ ¨ ¨ q ` 1ˆpθ ´ θ3{3! ` ¨ ¨ ¨ q

“ I cos θ ` 1ˆ sin θ “

„

cos θ ´ sin θ
sin θ cos θ

ȷ
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The exponential and logarithmic map
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θ×(t) = ω×t

R = exp(θ×)
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The capitalized exponential and logarithmic map

I

1×

so(2)

SO(2)

R(t)

R = exp(θ×)

θ× = log(R)

I

1×

R

SO(2)

R(t)

R = Exp(θ)

θ = Log(R)
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The capitalized exponential and logarithmic map

Skip the Lie algebra, and work always in Cartesian

Exp and Log are mere shortcuts, but very useful
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Plus and minus operators

The plus operator: right-‘: Y “ X ‘ ω (and left-‘: Y “ ω ‘ X )

1Composition

X1

X2

X1 ◦ X2
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Plus and minus operators

The plus operator: right-‘: Y “ X ‘ ω (and left-‘: Y “ ω ‘ X )

1Composition

X1

X2

X1 ◦ X2

1Exponential

X = Exp(ω)
ω

Exp
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Plus and minus operators

The plus operator: right-‘: Y “ X ‘ ω (and left-‘: Y “ ω ‘ X )

1Composition

X1

X2

X1 ◦ X2

1Exponential

X = Exp(ω)
ω

Exp
1

X

X ⊕ ω

⊕

ω

X ⊕ ω ≜ X◦ Exp(ω)
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Plus and minus operators

The minus operator: right-a: Y “ X a ω (and left-a: Y “ ω a X )

1

X

X ⊕ ω

⊕

ω

X ⊕ ω ≜ X◦ Exp(ω)

1

X

Y

⊖

Y ⊖ X

Y ⊖ X ≜ Log(X−1 ◦ Y)

Plus and minus are alos shortcuts, but also very useful
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The adjoint matrix

Note: σ P TEM and τ P TXM

Y “ σ ‘ X “ X ‘ τ

ñ σ^ “ X ¨ τ^ ¨ X´1

ñ σ “ AdX ¨ τ

Linear: matrix operator

Maps: TXM to TEM
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Outline

1 Presentation: Some examples

2 Overview of Lie theory
Lie group definition: Group, manifold, and action
The tangent space: Lie algebra and Cartesian

3 Operators in the Lie theory
The exponential and logarithmic map
Plus and minus operators
The adjoint matrix

4 Calculus and probability on Lie Groups
Calculus and Jacobians
Differentiation rules on Lie groups
Perturbations on Lie groups and covariance matrices
Integration on Lie groups

5 Applications: Localization

6 Conclusions and problems
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Calculus on Lie groups

Use the plus and minus operators!

Express as Cartesian vector:

Perturbations, errors, increments, . . .

And define easily:

Jacobians of functions f : M Ñ N
Covariances of elements X in M
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Jacobians on Lie groups

Use the plus and minus operators!

Vector spaces

J “
Bfpxq

Bx

“ lim
hÑ0

fpx ` hq ´ fpxq

h
P Rnˆm

how to:

lim
hÑ0

fpx ` hq ´ fpxq

h
“ ¨ ¨ ¨

“ lim
hÑ0

Jh

h

fi
BJh

Bh
“ J

Lie groups

Jr “
DfpX q

DX

“ lim
τÑ0

fpX ‘ τ q a fpX q

τ
P Rnˆm

same thing!!!

lim
τÑ0

fpX ‘ τ q a fpX q

τ

“ lim
τÑ0

Logrf´1pX qfpX ˝ Exppτ qqs

τ

“ lim
τÑ0

Jrτ

τ
fi

BJrτ

Bτ
“ Jr
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Jacobians on Lie groups

Jacobian maps TXM to TfpX qN

f : M Ñ N ;X ÞÑ Y “ fpX q

Jr “
DfpX q

DX
“ lim

τÑ0

fpX ‘ τ q a fpX q

τ
P Rnˆm
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Differentiation rules on Lie groups

From elementary Jacobian blocks to any Jacobian

For each group For all groups Deduce from the previous

adjoint AdX inverse
DX´1

DX
“ ´AdX Log

DLogpX q

DX
“ J´1

r pLogpX qq

right
Jr “

DExppτ q

Dτ

DX ˝ Y
DX

“ Ad´1
Y

DX ‘ τ

DX
“ Ad´1

ExppτqJacobian
comp. plus

action
DX ¨ p

DX
,
DX ¨ p

Dp

DX ˝ Y
DY

“ I
DX ‘ τ

Dτ
“ Jrpτ q

Use the chain rule for any other Jacobian!
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Perturbations on Lie groups and covariance matrices

Perturbation τ over X :

X “ sX ‘ τ

Covariance of X :

Σ
def
“ Epτ ¨ τT q

“ ErpX a sX q ¨ pX a sX qT s

Propagation is easy!

Y “ fpX q J “
DY
DX

ñ ΣY “ J ¨ ΣX ¨ JT
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Gaussian random variables and PDFs

SO(2)

so(2)

mean in Lie group R̄

uncertainty in tangent space

ϵ ∼ N(0,Σ)

combine to create an
uncertain rotation

R = R̄⊕ ϵ
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Banana shape is Gaussian on the tangent space: SE(2)

Noisy process: Xt`1 “ Xt¨Expputq ‘ ϵt,
where Xt P SE(2), ut, ϵt P R3 (ϵ^

t P sep2q), and ϵt „ Np0,Σq
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Compare with traditional EKF and UKF approach

Noisy process: xt`1 “ fpxt,utq ` ϵt, where f is a non-linear function and
xt,ut, ϵt P R3

Courtesy by Stachniss, C. Introduction to Robot Mapping. Winter Semeter, 2012.
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Banana shape is Gaussian on the tangent space: SE(3)

Noisy process: Xt`1 “ Xt¨Expputq ‘ ϵt,
where Xt P SE(3), ut, ϵt P R6 (ϵ^

t P sep3q), and ϵt „ Np0,Σq
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Integration on Lie groups

continuous time, ω const discrete time, ω piecewise constant

X ptq “ X0 ¨ Exppωtq X4 “ X0 ‘ pω1dtq ‘ pω2dtq ‘ pω3dtq ‘ pω4dtq

Note: τ “ ωdt and δ “ Exppτ q

Y.-C. Zhang Matrix Lie Theory for the Roboticist February 27th, 2025 239 / 251



Outline

1 Presentation: Some examples

2 Overview of Lie theory
Lie group definition: Group, manifold, and action
The tangent space: Lie algebra and Cartesian

3 Operators in the Lie theory
The exponential and logarithmic map
Plus and minus operators
The adjoint matrix

4 Calculus and probability on Lie Groups
Calculus and Jacobians
Differentiation rules on Lie groups
Perturbations on Lie groups and covariance matrices
Integration on Lie groups

5 Applications: Localization

6 Conclusions and problems
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Application for state estimation

Courtesy by Solà, J., Dery, J., and Atchuthan, D. (2021). A micro Lie theroy for state
estimation in robotics.

Poses (unknown): X „ Np sX ,Σq P SE(2) (or SE(3))

Landmarks: bk P R2 (or R3)

if landmarks are known Ñ KF-Based Localization
if landmarks are unknown Ñ Graph-Based SLAM (Skip! Next time!)
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Error State KF localization

Motion model:

Always use right-‘ for state prediction:

Xt “ fpXt´1,ut, ϵtq

“ Xt´1 ‘ put ` ϵtq

where ϵt „ Np0,Qtq is the perturbation.

Taylor expansion at Xt´1 “ sXt´1 and ϵt “ 0, we have

Xt “ sXt ‘ FtpXt´1 a sXt´1q ‘ Wtϵt,

where Ft “
Df
DXt

and Wt “
Df
Dϵt

are jacobians.

Define the error ξt “ Xt a sXt, then

ξt “ Ftξt´1 ` Wtϵt
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Error State KF localization

Predict the state by the motion model:

qξt “ 0 predicted error state

qXt “ sXt “ sXt´1 ‘ ut predicted nomial state

qΣt “ Ft
pΣt´1F

T
t ` WtQtW

T
t predicted error covariance

The perturbation ϵt has been propagate to the world frame, so the
covariance qΣt is in the world frame.

We have derived the exact same prediction results as the Invariant
Extended Kalman Filter (IEKF)!
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Error State KF localization

Measurement model for measurement in the body frame:

Use the left-‘ operation if the measurement is taken in the body frame,
such as landmark observations from LiDAR or camera sensors.

Measurements yt P R2 (or R3) have this from:

yt “ X´1
t ¨ b ` δt,

where δt „ Np0,Rtq.

Define the innovation zt such that

zt “ hpXtq

“ sXt ¨ pyt ´ sytq

Taylor expansion at Xt “ sXt and δt “ 0, we have

zt “ Htξt ` Vtδt,

where Ht “ Dh
DXt

and Vt “ Dh
Dδt

We have derived the exact same correction results as the Right-Invariant
Extended Kalman Filter (RI-EKF)!
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Error State KF localization

The noise error δt is from the body frame, we will have to switch the
covariance from body frame to world frame.
wξt “ Ad

sX ¨
bξt ñ

wΣt “ Ad
sX ¨

bΣt ¨ AdT
sX

Update the state by the measurement model:

zt “ sXt ¨ pyt ´ sytq innovation

St “ Ht
qΣtH

T
t ` VtRtV

T
t innovation covariance

Kt “ qΣtH
T
t S

´1
t Kalman gain

pξt “ Ktzt updated error state

pXt “ pξt ‘ sXt updated nominal state

pΣt “ pI ´ KtHtq qΣt updated error covariance

Switching the covariance twice during the update step is very costly. A
more efficient approach is to express the covariance in the body frame
during the prediction step.
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Error State KF localization

Measurement model for measurement in the world frame:

Use the right-‘ operation if the measurement is position measurement in
the world frame from a GPS receiver.

Measurements yt P R2 (or R3) have this from:

yt “ Xt ¨ b ` δt,

where δt „ Np0,Rtq.

Define the innovation zt such that

zt “ hpXtq

“ sX´1
t ¨ pyt ´ sytq

Taylor expansion at Xt “ sXt and δt “ 0, we have

zt “ Htξt ` Vtδt,

where Ht “ Dh
DXt

and Vt “ Dh
Dδt

We have derived the exact same correction results as the Left-Invariant
Extended Kalman Filter (LI-EKF)!
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Error State KF localization

No covariance switch is required as the covariance is already expressed in
the world frame.

Update the state by the measurement model:

zt “ sX´1
t ¨ pyt ´ sytq innovation

St “ Ht
qΣtH

T
t ` VtRtV

T
t innovation covariance

Kt “ qΣtH
T
t S

´1
t Kalman gain

pξt “ Ktzt updated error state

pXt “ sXt ‘ pξt updated nominal state

pΣt “ pI ´ KtHtq qΣt updated error covariance
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Conclusion

We begin with an introduction to Lie theory, emphasizing its foundational
role in advanced robotics applications.

Key theoretical concepts are covered, including Lie groups, manifolds,
tangent spaces, Lie algebras, exponential and logarithmic maps, and
adjoint matrices.

Practical applications are introduced, focusing on integration into calculus
for operations such as derivatives, Jacobians, and uncertainty modeling,
including perturbations, covariance handling, and integration.

Simulations and real-world examples are demonstrated for SE(2) and SE(3)
using ESKF localization techniques.
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Problems

The motion model is typically expressed in continuous form as:

d

dt
Xt “ fut

pXtq

“ Xtu
^
t

How do we compute the Jacobians for this continuous ODE?

If the control input ut depends on the state Xt, then we need to calculate:

Ft “
DXt

DXt´1
`

DXt

Dut

Dut

DXt´1
,

where the Jacobian term Dut

DXt´1
is unclear to me.

In the SEkp3q setting, incorporating sensor bias into the state matrix
breaks the group-affine property. What is the appropriate method to
address and resolve this issue?
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Thank You!
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